A procedure is developed which allows one to measure all the parameters occurring in a complete model [A.A. Semenov et al., Phys. Rev. A 74, 033803 (2006); quant-ph/0603043] of realistic leaky cavities with unwanted noise. The method is based on the reflection of properly chosen test pulses by the cavity.
I. INTRODUCTION
Optical cavities play an important role for a variety of experiments in quantum optics [1] . The possibilities of realizing strong coupling between cavity modes and atoms inside the cavities make them of interest for the efficient transfer of quantum states between the radiation field and atoms, as desired in quantum information processing. For describing the coupling of radiation into and out of a cavity, quantum stochastic input-output relations [2] and quantum field theoretical concepts were developed [3] .
A realistic description of the input-output behavior of leaky cavities requires a careful consideration of possible losses that may significantly alter the nonclassical properties of light. Cavity parameters, such as the transmission and loss coefficients, the free spectral range (FSR), the cavity-decay rate Γ, and the Q-factor, have been measured by using the direct transmission of light through the cavity [4, 5] and by monitoring nonclassical charcteristics of light [6] . It has been demonstrated that in high-Q cavities the losses caused by absorption and scattering may be of the same order of magnitude as the wanted outcoupling of the field [4] . For describing additional effects of unwanted losses associated with absorption and scattering, attempts have been made to introduce additional input-output ports into the quantum noise theory, see e.g. Refs. [7, 8] . It has been shown that even small unwanted losses due to absorption and scattering may substantially diminish nonclassical signatures of the outgoing pulse [7] . Hence for any application that requires a precise transfer of quantum states of light into or out of a cavity, a careful description of the properties of the used cavity is indispensable.
Recently it has been demonstrated that a complete cavity model, describing all the unwanted losses, requires additional noise terms in both the quantum Langevin equation and the input-output relation [9] . This may lead to new effects, such as the superposition of the in- * E-mail address: sem@iop.kiev.ua put field with the outgoing field from the cavity in a common nonmonochromatic mode. In principle, all parameters necessary for the complete description of cavities can be expressed in terms of the radiation and absorption coefficients of the mirrors [10] . In practice, however, the parameters used in such a model will also depend on scattering, mirror alignment, and other conditions of the experiment. Hence, an operational procedure for the determination of all the cavity parameters is desired for a correct descriptions of the quantum effects to be expected.
In the present contribution we propose a method to determine the cavity parameters needed for a complete description of the quantum noise effects of a realistic cavity. It is based on the reflection of light pulses of different lengths by the cavity. The absorption and scattering of pulses with a spectrum that is much wider than the cavity decay rate is shown to depend only on the additional term in the input-output relation. This fact will appear to be useful for the needed measurement procedure.
II. THE CAVITY MODEL
Let us consider the recently proposed model of leaky cavity, which has a partial transmitting mirror, with unwanted noise [9] . The cavity is described by the quantum Langevin equatioṅ
and the input-output relation
Here,â cav is the annihilation operator of an intracavity mode,b in (t 1 ) is the input-field operator,b out (t 1 ) is the output-field operator, ω cav is the resonance frequency of the cavity, and Γ is the cavity decay rate. The complex numbers T (o) and T (c) are the transmission coefficients describing the outcoupling of the internal field and the incoupling of the input field respectively. The complex number R (o) is the reflection coefficient at the cavity. The operatorsĈ (c) (t 1 ) andĈ (o) (t 1 ) are associated with the unwanted losses and obey the commutation relations
where the numbers
, and e iκ cos ζ are related to the transmission and reflection coefficients through the constraints (8) which follow from the requirements of preserving the commutation rules, for details see Ref. [9] . The set of complex coefficients ω cav , Γ,
, and R (o) completely describe the radiative and the noise properties related to the considered intracavity mode. In view of Eqs. (6) (7) (8) , these parameters attain only values within a restricted domain [9] . By supposing that the resonance frequency ω cav and the FSR are already known, we will formulate an operational procedure for the measurement of the other parameters of this set. Our procedure is based on measuring the reflection efficiencies of different test pulses by the cavity.
III. REFLECTION OF QUANTUM LIGHT BY THE CAVITY
We start with combining solution of the quantum Langevin equation (1) and the input-output relation (2), also c.f. [9] ,
whereâ cav (0) is the operator of the cavity mode at initial time,
Equation (9) can be rewritten by using two complete orthogonal sets of functions U in n (t 1 ) , n = 0, . . . , +∞ and {U out n (t 1 ) , n = 0, . . . , +∞} associated with input and output fields respectively,
Suppose that the function U out 0 (t 1 ) has the form of the pulse extracted from the cavity, i.e., the cavity-associated output mode (CAOM),
The function U in 0 (t 1 ) describes the test pulse (TP) to be reflected by the cavity, leading to the output pulse
The function U out 1 (t 1 ) is chosen such that the expansion of U out (t 1 ) in terms of U out n (t 1 ) consists of two components, We will refer to the pulse associated with the function U out 1 (t 1 ) as the additional output mode (AOM). Here η ref and µ are, respectively, the efficiency and the phase of the reflection of the TP into the CAOM. From the orthogonality conditions we obtain
where η ref is the efficiency of the input-field reflection into the AOM. Using Eq. (17) and the normalization condition for U out 1 (t 1 ) one derives
The total efficiency of the input-field reflection at the cavity is given by the expression
In the considered representation, Eq. (9) has the form
where
Equation (26) defines the efficiency of quantum-state extraction from the cavity [7] . Consider the reflection of the TP, whose form is that of a pulse extracted from another cavity with the same resonance frequency and the cavity decay rate Γ (k) ,
In this case the reflected pulse according to Eq. (16) has the form
The efficiencies of the reflection into the CAOM and the AOM are, according to Eqs. (18) and (19), given by
From Eq. (20) the total efficiency of the reflection, η
This efficiency can be measured, for example, by reflecting the pulse being in a coherent state and comparing the amplitudes before and after reflection.
IV. MEASUREMENT PROCEDURE
For the formulation of the first step of the measurement procedure, we consider the special case Γ ≪ Γ (k) ≪ FSR. In this case, as it follows from Eqs. (28) and (31) in the limit Γ (k) /Γ → +∞, the TP does not change its form during reflection (and partial absorption and scattering) according to
Hence, one can conclude that such pulses do not couple with the intracavity field and the efficiency of their reflection is completely defined by the value of R (o) . This efficiency as well as the corresponding phase shift can be measured. According to Eq. (7) with such kinds of experiments one can check the strength of the noise term C (o) (t) in the input-output relation (2) . Therefore, by reflecting an appropriate pulse by the cavity one can measure the value of R (o) and hence of |A (o) |. The second step of the procedure is the measurement of the two total efficiencies of the reflection η (1) and Γ (2) , respectively. One can consider Eq. (31) for k = 1, 2 as a system of two algebraic equations for the variables Γ and D. Resolving it we obtain
Therefore, this part of the measurement procedure allows one to obtain the values of cavity decay rate Γ and of D, Eq. (32), by reflection of different pulses at the cavity.
The third step of the procedure is the measurement of the efficiency of the reflection into the CAOM as given by Eq. (29). Because of the specific form of this expression one can consider, without loss of generality, the efficiency η ref for the case of Γ = Γ (k) . This value can be measured by balanced homodyne detection [11] of the reflected pulse being in the coherent state. The local oscillator field is prepared in the form of the CAOM with an arbitrary phase, see Fig. 2 . Such a procedure allows one to measure only the quadrature of the CAOM with suppression of information about the state of the AOM, see discussion of cascaded homodyning in Ref. [9] . Comparing the absolute values for the coherent amplitudes of the input pulse and the CAOM, one can find the corresponding efficiency η ref .
Combining Eq. (29) for Γ = Γ (k) and Eq. (32), one obtains the expression for
and than Eq. (32) can be used for expressing the phase of
(38) Therefore, this stage of the measurement procedure allows one to obtain the value of T (o) T (c) . As the fourth step of the measurement procedure one should separate the coefficients T (o) and T (c) . In the most general case it is impossible to do this by using only the information about reflection by the cavity. It can be performed directly by measuring the efficiency of the quantum state extraction given by Eq. (26) and the corresponding phase. This kind of experiment allows one, in principle, to obtain the value of T (o) and evaluate T (c) using the knowledge of T (c) T (o) . As it follows from Eqs. (7) and (8), the difference between the absolute values of T (o) and T (c) is caused by deviation of R (o) 2 from 1. According to Eqs. (4) and (7), the additional noise termĈ (o) (t 1 ) in the inputoutput relation (2) differs from 0 for such cases. This term describes unwanted losses of the input field inside the coupling mirror under reflection by the cavity. From the other hand, for cavities with a negligible value of this noise, the first step of the measurement procedure reveals that R (o) 2 = 1, consequently for this case
For such cavities the absolute values of T (o) and T (c) are easily obtained.
V. CONCLUSIONS
Leaky optical cavities with unwanted noise are characterized by several parameters. We have demonstrated that they are uniquely related to the efficiencies and phase shifts of the reflection of different light pulses. The proposed procedure of measuring the cavity parameters is based on the determination of these efficiencies. This can be done by comparing the coherent amplitudes of the incident and reflected light fields. Among others, it has been demonstrated that the specific noise term in the input-output relation can be measured through the reflection of a pulse, whose spectrum is much wider than the cavity-decay rate but narrower than the free spectral range. Altogether, the possibility to measure all the parameters allows one to completely characterize the quantum noise effects of a given nonideal cavity.
